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CHANGES OF WAVE-FORM OF PLATES IN THE
POST-BUCKLING RANGE

W. J. SUPPLE

Department of Engineering Science. Oxford University

Abstract-The post-buckling behaviour of thin rectangular plates in axial compression is considered. The plates
are considered as having two degrees of freedom characterized by buckling in m and n halfsinewaves axially
and uncoupled and coupled buckling modes are established for specified boundary conditions, The results of
the investigation together with results for different boundary conditions from other sources are used to explain
abrupt changes in waveform of plates in the post-buckling range. The effects of initial geometric imperfections
are included as a necessary part of the analysis.

1. INTRODUCTION

THE post-buckling behaviour of thin plates is an important topic in structural mechanics
since plates are possibly unique in their extensive use as load-carrying structural com­
ponents up to and into the post-buckling range. The axial stiffness of a plate after buckling
is approximately one half of the pre-buckled value, the exact value being dependent upon
the conditions at the plate boundaries and upon the number of axial halfwaves of the
buckled form, Tests on plates in axial compression have shown that the waveforms
adopted at the onset of buckling may undergo abrupt changes further into the post­
buckling regimes. Associated with these abrupt changes in waveform will be corresponding
changes in axial stiffness, When loading is continued above the critical value there is,
besides the possible abrupt changes in longitudinal waveform, a gradual transformation
of the transverse waveform characterized by a flattening of the central regions of the
plate, This phenomenon with its associated redistribution of axial mid-surface stresses
has given rise to "effective width" concepts and has been studied in some detail by
Koiter [1]. The present paper is concerned with abrupt changes in waveform of plates
after buckling, The theoretical results obtained are plotted not as load vs. corresponding
deformation but as load vs. out-of-plane buckling deflection since the latter, though
of less practical significance, illustrate the mechanism of the buckling process much more
clearly.

2. THEORY-THE PLATE EQUATIONS

Let us consider the problem of a thin rectangular plate loaded in its plane as shown
in Fig. I and which is simply-supported on all four edges in the conventional sense and
which has further specified restrictions on the boundary displacements. The mode of
support is such that there are no out-of-plane deflections at the boundaries, the loaded
edges remain straight and the longitudinal edges are not allowed to wave in the plane
of the plate. The latter condition applies to a single panel of a multi-panelled infinitely
wide plate loaded in axial compression, the junctions of the panels being knife-edge
supports. It is further assumed that there is no restraint against lateral expansion of the
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FIG. 1. Plate dimensions and definitions of symbols.

plate in its plane. Adopting the plate dimensions and co-ordinate axes as shown in Fig. 1
these boundary conditions may be written as

(i) (W)x=a/2;~a/2 = 0,

(ii) (W)y=b/2;-b/2 = 0,

(iii) (W,xx + VW,yy)x=a/2;-a/2 = 0,
( 1)

(iv) (W,yy + VW,xx)y=b/2;-b/2 = 0,

(v) (U)x=a/2;-a/2 = const.

(vi) (V)y=b/2;-b/2 = canst.
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(2)

where a comma followed by subscripts represents partial differentiation in turn with respect
to each subscripted variable. No restrictions are placed upon the other boundary dis­
placements which will be discussed later together with results for other boundary con­
ditions from different sources. The von-Karman large deflection equations in the presence
of initial geometric imperfections Wo may be written in terms of w,wo and a stress function
¢ as follows

',r¢ = E{(W,Xy)l -w.xxW,yy- [(W~Xy)l -w.oxxW~yy]),

V4 (w-WO) = -h{¢,yyW,XX- 2¢,xyW.xy+ ¢,xxW,yy},

in which w represents the total out-of-plane deflection from the flat form and where ¢
is defined as

Nx
¢.yy = -t-;

_ N xy
¢,Xy = (3)

(4)

(5)

An approximate solution of these equations is now obtained usmg a Ritz-Galerkin
technique. We assume the following forms for wand WO

ny( nnx . mnx)w = cos- Acos-+Bsm~- ,
b a a

ny( nnx . mnx)WO = cos b A o cos~ + Bo sm ~a- ,

satisfying boundary conditions (l)(iHiv). There is an apparent restriction on the evenness
or oddness of m and n in (4) in order that boundary condition (1)(i) be satisfied; however,
since the post-buckling equations (12) which result are interchangeable in (n, A) and
(m,13) this restriction (which is merely a consequence of the selected position for the origin
of the co-ordinate axes) becomes irrelevant. These expressions are substituted into the
first of equations (2) (the compatibility equation) and the resulting equation solved for ¢
to give

E ( ) ( a
1

2nnx n1b
1

2ny ) Ea
1

( ) ( 1
¢ = - 32 A

1
-A6 n1b1cos-a-+7cosT - 4b1 AB-AoBo (m+n)l

. (m+n)nx 1 . (m-n)nx) Ea1b1 2ny( ) ( (m+n)nxxsm +-~--sm~--- ----cos-- AB-A B rxsin----
a (m - n)l a 4 bOO a

f3 . (m-n.)nx) E(B1 1)( a
2

2mnx m1b
1

2ny) ). 1+ sm +- -Bo --cos--+--cos- --y
a 32 m1b1 a a1 b 2bt'

in which }, represents the total applied end load f~:;~ NAy and where rx and f3 are defined
as

(6)

The midsurface stresses may be derived from this expression for ¢ and thence by use of
the strain-displacement relationships and the generalized Hooke's Law expressions may
be obtained for u and v in terms of the midsurface stresses and w. When this is done it is
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(8)

found that u and v satisfy the boundary conditions (tHv) and (vi) provided (m +n) is an
odd integer which will always be so for the cases considered herein. The variation of u
along the longitudinal edges and the variation of v across the loaded edges may also be
calculated from these expressions; it is assumed, however, that such movements may
occur and are not restrained.

Next the expressions for wand <p are substituted into the second of equations (2)

(the out-of-plane equilibrium equation) which will not be satisfied exactly but will have
a residual R (say) owing to the approximate nature of w. The integral over the surface of
the plate

J

+a/2J+b/2
Rwdxdy

~a/2 -b/2

has the dimensions of work and we define this as the excess energy of the plate. The Ritz­
Galerkin approximation requires this virtual excess energy to vanish which leads to the
two simultaneous equations

J

+a/2 J+b/2 nnx ny
Rcos--cos-

h
dxdy = 0,

-a/2 -b/2 a

J

+a/2 J+b/2 mnx ny
Rsin--cosbdxdy = 0,

-a/2 -b/2 a

which are non-linear algebraic equations in A, B, Ao and Bo. Performing the substitutions
and integrations equations (8) appear as

(9)

where

( 10)

and where

- _ (A o)Ao - -- ,
t

- _(80 )Bo - .
t

(11 )

If we define an uncoupled buckling mode as a solution of equations (9) which involves
only one of the deformation parameters A or B, and a coupled buckling mode as a solu­
tion which involves both A and B then we might make the following observations:
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(i) when Ao = Bo = 0; there are three solutions of equations (9), two are uncoupled
the third coupled;

(ii) when Ao =1= 0, Bo = °or Ao = 0, Bo =1= 0; there are two solutions of equations (9),
one is uncoupled the other coupled;

(iii) when Ao =1= 0, Bo =1= 0; there is one solution of equations (9) and this is coupled.

As is well-known the uncoupled buckling modes for the ideal plate are symmetric in
character when plotted in the A vs. A, B planes. Supple [2,3] has made a detailed study
in general terms of the possible forms of the coupled buckling modes for structural systems
with two degrees of freedom which have symmetric uncoupled modes. Constant reference
will be made to these works in the sequel. If we denote the uncoupled mode with the
lower critical load as the primary mode and that with the higher critical load as the
secondary mode then the results of Ref. [2] may be summarized using the notation of
the present report as follows. The form of the A vs. B relationship of the coupled mode
for perfect symmetrical structural systems, when real, may be either

(i) An ellipse; implying a transition path from the primary to the secondary mode.
(ii) A hyperbola branching from the primary mode; implying a further instability

phenoinenon after initial buckling.
(iii) A hyperbola branching from the secondary mode; implying that if the initial

post-buckling is stable it will remain so.

lt was shown in [3] that initial imperfections have an important and marked effect upon
the post-buckling behaviour of systems in category (iii) above. These results have a direct
relevance to the plate buckling equations (9).

3. THE IDEAL PLATE
In the absence of initial imperfections equations (9) reduce to

-{ 2a
2
b

2
[ 1(n

4 1) -2 -2J a
2
b

2
(n

2 1)2 Ab}A 12(I-v)7 64 a4+b4 A +KB + 4n2 a2+b2 - 4n2D = 0,

-{ 2a2b2[I(m4 1)-2 -2J a
2
b
2
(m

2 1)2 Ab}
B 12(1-v) m2 64 a4 +b4 B +KA + 4m2 ~+b2 - 4n2D = 0,

from which the uncoupled buckling modes may be derived as

~ _ a
2
b

2
(n

2
~)2 12(1- v

2
) 22(n

4 1)-2
4n2D - 4n2 a2+b2 + 64n2 a b a4+b4 A ,

Ab _a
2
b

2
(m

2 1)2 12(1-v
2
) 22(m

4
1)-2

4n2D - 4m2 ~+b2 + 64m2 a b a4 +b4 B,

and the A-B relationship for the coupled buckling mode as

{64~2(:: +b
14

) - ':;} A
2
+{~ - 64~2(::+b

14
)} B

2
= 48(1~ v2){~2(::+ :2f

-:2(:~ +:2f}·

(12)

(13)

(14)
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If the plate aspect ratio is y = alb and m > n then if'/ < mn the uncoupled mode with
n half-waves is the primary mode and if y2 > mn the uncoupled mode with m half-waves
is the primary mode. The right-hand side of equation (14) is negative when t,2 > mn and
positive when y2 < mn. The coefficient of iF is always negative and the coefficient of 13 2

always positive. As a result the form of equation (14) is a hyperbola and the coupled mode
always branches from the secondary mode. For loads greater than that at which the coupled
mode branches from the secondary mode the latter is stable [4].

The post-buckling equilibrium paths for an ideal plate with y = 2, m = 3, n = 2,
v = t are shown in Fig. 2. It may be noted that in equations (13) (4n 2D)/b is the classical

coupled
mode

COl~Dled

mode

__-_~-.r-...-~- - - - - - - - -

FIG. 2. Post-buckling equilibrium paths for a simply-supported plate y = 2. m = 3. 11 = 2. v C~

with edges held straight.

buckling load of a simply-supported plate whose aspect ratio is an integer and accordingly
the first terms on the right-hand sides represent the buckling stress coefficient (normally
referred to in the texts as kcl divided by four. We may calculate the critical loads at which
the coupled mode bifurcates from the secondary mode and thus define what we might
term the coupled buckling stress coefficient ckc related to the buckling stress coefficient



as follows:
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(15)

This inter-relationship is illustrated in Fig. 3 for varying aspect ratios: the values of ckc
are shown by the dash-dot curves. It can be seen that as y increases the critical loads
for buckling in the uncoupled and coupled modes rapidly converge.

4. INITIAL IMPERFECfIONS

If, for convenience, we consider that buckling in n halfwaves longitudinally represents
the primary buckling mode for a plate then we may divide the buckling of imperfect
plates into three classes. These are:-

(i) imperfections in primary mode, AD i= 0, Eo = 0, .

(ii) imperfection in secondary mode, AD = 0, Eo i= 0, (16)

(iii) imperfections in both modes, AD i= 0, Eo i= O.

From the general theory of Ref. [3J we know that when there is only an initial imperfection
in the form of the primary mode then the plate will deform into this mode and no inter­
action from the secondary mode occurs. For example, if we prescribe m = 3, n = 2, v = t
and 130 = 0 then the first of equations (9) becomes

and the A-E relationship of the coupled mode is

2·50Ao+OA34A+OAI6AA6-2·375AE2+0·719A3 = O.

(17)

(18)

(19)

Figure 4 shows the post-buckling equilibrium paths obtained from equations (17) and (18)
when Ao = 1·0; the equilibrium paths for the perfect plate are shown as broken lines.
Besides the natural loading path, which the plate follows when loaded, all the comple­
mentary paths are shown for the sake of completeness.

When only an initial imperfection in the form of the secondary mode is present i.e.
Ao = 0 then with m 3, n = 2, v = 1 the first of equations (9) reduces to the form

-2 -2 -2. Ab
0·333A + 1·395B -0·375Bo+1·00--- = 0

4n 2D '

and the A-E relationship of the coupled mode is now

2.94Bo-0.434E-0·72A2B+0.185EE6+2.371P = o. (20)

When A = 0 equation (20) may have one or three real roots for E depending on the magni­
tude of the imperfection 130 , That value of 130 that makes two of the roots real and equal
represents a critical imperfection [3J and from equation (20) this value for the assumed
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FIG. 4. Post-buckling equilibrium paths for imperfect plate y = 2, m = 3, n = 2, v = j with initial
imperfection fIo 1·0.

magnitudes of y, v, m, n is

(Bo)cr!1 = 0·025. (21)

If Bo > (Bo)crit the buckled form of the plate develops as three halfsinewaves and there
is no interaction from the primary two-halfwave mode. If Bo < (BO)crit the plate initially
develops in the three-halfsinewave mode but this mode then becomes unstable at a point
of bifurcation whereupon the plate buckles into a coupled mode which on further loading
approaches asymptotically to the primary two-halfsinewave mode. These points are
illustrated in Figs. 5 and 6; in Fig. 5 the initial imperfection Bo = 0·020 and in Fig. 6
Bo = 1·00.

Finally, when both initial imperfections Ao and Bo are non-zero the buckling equations
for the arbitrarily assigned values m 3, n = 2, v = t appear as

-2 - - -2 -2 - -- - - - Ab-
A-Ao+0·333(A -Ao)A+0·375(B -Bo)A+l·02(AB-AoBo)B- 4n2DA = 0,

Q·294ABo-O·25BAo-O·434AB -O·071A3 B +0·237AB3 +Q·0185ABB~ -0·0416ABA~

+O.112A2AoBo-O·255B2BoAo = O. (22)



1252 W, J, SUPPLE

3

-+5 ->. "0-' 0-5 ... It) ->S +. 40_S 0 .'5 I. IS (t)

(t)
1'5

.'.
perfect plate

(~).,,5 -0'5 <>S \·5

---
~ ,., , ,.,

FIG, 5, Post-buckling equilibrium paths for imperfect plate 7 = 2, In = 3, n = 2, v J with initiai
imperfection Eo = 0·020,

The forms of the solution to these equations are shown in Fig, 7 for two combinations of
initial imperfections Ao and Bo. It is clear from the results shown that for a given value
of Ao there is a critical value of Bo for which the stability of the natural loading path is
lost at a point of bifurcation; when Ao 0 this corresponds to the critical value of Bo
already discussed. By ignoring second order terms of Ao and Bo in equations (9) we may
derive the approximate locus of critical imperfections (i.e. combinations of Ao and Bo
which produce a branching solution on the natural loading path) in the form [3J

K 1At+K 2 BA = K 3 • (23)

where

(24)
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FIG. 6. Post-buckling equilibrium paths for imperfect plate }' = 2, In = 3, n = 2, I' = t with initial
imperfection Bo 1·0.

This critical locus is shown plotted in Fig. 7 for the appropriate values of y, m, 11, v and
divides the set of positive initial imperfections (Ao, Eo) into two sub-sets. If the initial
imperfection belongs to the sub-set containing the Ao axis then at loads of approximately
twice the classical buckling load the buckling mode is predominantly two halfsinewaves;
if the initial imperfection belongs to the other sub-set then at these loads the buckling mode
is predominantly three halfsinewaves. It might be emphasized again that in the absence
of initial imperfections buckling would be in a purely two-halfsinewave mode.

5. OTHER BOUNDARY CONDITIONS

The behaviour after buckling of plates in compression is dependent upon the conditions
prevailing at the boundaries. If the plates are treated as systems with two degrees of freedom
and are isotropic and un-reinforced then the uncoupled buckling modes will be symmetric
in character and the coupled mode will belong to one of the categories given in Ref. [2J
and summarized in Section 2 of the present paper. It has been shown by Hlavacek [5J
that for a simply-supported plate which is allowed to expand laterally and whose un­
loaded edges are free to wave in the plane of the plate the coupled buckling mode is of
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FIG. 7. Natural loading paths for a plate with y = 2, m = 3. n = 2, v = t and initial imperfections
(i) AD = 0·25, Bo = 0·20, (ii) AD = 0·25, Bo = 0·125.

the hyperbola type branching from the upper uncoupled buckling mode. Again, Supple [4J
has shown the same type of coupling behaviour to exist for the simply-supported plate
which is free to expand laterally and whose unloaded edges are clamped. Therefore, for
these two types of boundary conditions the post-buckling behaviour of plates is qualita­
tively the same as that described in Section 2 of the present paper. Major changes [6J
in waveform after initial buckling for these boundary conditions would be explained by
the presence of initial imperfections.

If the plate is restrained from expanding laterally then the form of the coupled buckling
mode is dependent upon the value of Poissons ratio of the plate material. This observa­
tion follows from the results of Sharman and Humpherson [7J who analysed the buckling
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(25)

behaviour of a simply-supported plate whose unloaded edges are rigidly held apart.
In the terminology of the present report the buckling equations corresponding to equa­
tions (9) obtained by these authors appear in the forms

B{12(1_V2{(1~~y4)lF+Ql<,42]+(1+y2)2- n~~b(1+y2V)} = 0,

A {12(1-v2
{ C6;63y4)A2+QIB2] +(4+if- n~~b (4 + y2V)} = 0,

where

(26)

(27)

and where buckling in two and one halfsinewaves only have been considered corres­
ponding to A and B respectively. The A-B relationship for the coupled mode follows
from equations (25) in the form

{Ql(4+ y2v)- (16;6
3y4

)(1 + y2V)} A2+ fl ~~y4)(4+y2V)- Ql(l +y2V)} B2

(4 - y4 + 5y2 v+2y4V)

4(1- v2
)

which when real represents an ellipse or hyperbola as anticipated. The results for the
forms of the coupled buckling mode derived from equation (27) are summarized in Fig. 8
which is a plot of aspect ratio y against Poissons ratio v. The unbroken curve represents
simultaneous buckling i.e. the values of y and v at which the critical loads for buckling

1-0r-------------------------------------,

HYPERBOLA FROM SECONDARY (TWO-HALFWAVE) MODE

ELL IPSE

o
~ 05

'"
.... - ......

/

/
/

/
I

I
I

I
I

NO COUPLED MODE

2-0

ASPECT RATIO, ~

FIG. 8. Forms ofcoupled buckling mode for a simply-supported plate with longitudinal edges rigidly held
apart for m = I, n = 2.
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in one and two halfsinewaves are equal, this condition being given by the equation

(28)

The lower right portion of the figure represents values of }' and v for which buckling in
two halfsinewaves is the primary mode. It may be noted that equation (28) is the same
as the right-hand side of equation (27) indicating that there is a modification of the form
of the coupled mode when the branching points of the uncoupled modes coalesce [2].
Any change in sign of the coefficients of ;P or H2 in equation (27) also represents a change
in form of the coupling solution. The broken curve in Fig. 8 represents the values of i'
and v at which the coefficient of H2 in equation (27) becomes equal to zero: the coefficient
of ;P maintains the same sign for all positive values of y and v.

As an example we may consider the plate with aspect ratio 2 and Poissons ratio :\.
We see that the lowest critical load is associated with buckling in one halfsinewave which
is thus the primary mode, and that the coupled mode is of the ellipse type. The load·
cieformation characteristics for this case are illustrated in Fig. 9; it is seen that the plate
initially buckles in one halfsinewave and then snaps to the two halfsinewave form at a

Ab ~b
4~'O 41\-2D

\ I

\ f

/\ f \ 2iI
\ 2iI f

\ I' /
1\ /I f ,, coupled coupledI

I \ I,
mode I mode,

,(J I \i J /,,5
\, I I /I

I I

I I /

1-0 ,

'~:/I

/
,

uncoupled uncoupled

~~mode mode
0·5

B I , , _A
·z·o -1'5 -"0 -0-5 ()'5 '·0 '·5 2·0 -20 -"5 -1-0 -().5 ~ HI ,~ 20

STABLE PATH

- z·o -1'5

'-

-0·5

-"0

105 z·o B--,
~, coupled mode forms

transition path between

uncoupled modes.

UNSTABLE PATH

FIG. 9. Post-buckling equilibrium paths for a simply-supported plate)' = 2, m = 1. n = 2, v =\ with
longitudinal edges rigidly held apart.
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load which is approximately 2·g times the initial buckling value. With these boundary
conditions, therefore, it is possible for the ideal plate to undergo a change in buckle pattern
provided the load mentioned is attained. Any initial imperfection with a two halfsinewave
component would tend to reduce the load value at which the plate snaps from a pre­
dominantly one halfsinewave form to a predominantly two halfsinewave form.

The effect of lateral pressures on a plate in axial compression is very similar to that
of initial geometric imperfections. A uniform pressure would tend to induce buckling in

(1-) == one halfwave.

(f)::: two halfwaves.

I in.=O·020 In.

deflection scale:
,. oj

o '---~ll--6-- (~)

I-~~~~~~--(.:)
...... -

:0

A (LI~S.)
T
"0

••0

140

110

"0

80

60

(~)
FIG. 10. Experimental load-buckling deflection curves for a simply-supported plate with longitudinal
edges free to wave In the plane of the plate with l' = 2, t = 0·030 in. and varying initial imperfections.
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one halfsinewave and therefore with boundary conditions (1) would produce similar
behaviour to an initial imperfection in the primary mode for y < )2 and similar behaviour
to an initial imperfection in a secondary mode for y > )2, [4]. If the pressure were linearly
varying in the axial direction [7J then it would produce a similar effect to an initial geo­
metric imperfection with components in one and two halfwaves.

Tests have been performed on simply-supported plates in axial compression [4J with
boundary conditions the same as those given in the analysis by Hlavacek [5]. The initial
imperfections in one and two halfwaves in a plate with aspect ratio y = 2 were varied
artificially by the application of small lateral point loads acting at the half and quarter
points of the plate axis and the resulting load deflection behaviour studied for various
combinations of induced initial imperfections. The experimental behaviour verified the
form of post-buckling expected for a system with a hyperbolic coupled mode branching
from the secondary uncoupled mode predicted theoretically by Hlavacek. Figure 10,
which is reproduced from Ref. [4J, shows the experimental load vs. buckling deflection
curves for a plate of aspect ratio }' = 2, displaying coupling characteristics mainly in one
and two halfwaves, for various combinations of induced initial imperfections.

6. CONCLUSION

From the results ofthe preceding sections it is apparent that the post-buckling' behaviour
of short plates can be quite complex. With the assumption that such plates may be treated
as two-degrees-of-freedom systems it has been shown that the post-buckling behaviour
especially with regard to change in buckle pattern is dependent upon the prevaili~

boundary conditions and the existence of initial geometric imperfections. A multi-mode
analysis would almost certainly arrive at the same conclusions. It is hoped that the present
two-mode analysis in conjunction with the results oftwo-mode analyses from other sources
presented together in this paper go some way in clarifying the mechanism by which major
changes in waveform of plates in the post-buckling regime are brought about.
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A6cTpaKT-06cy)l{lJ,aeTClI 1aKpHHI'ieCKOe nOBelJ,eHHe nplIMoyroJlbHblX nJJaCTHHOK, nOIJ,BCp)I{CHHblX
,LJ,eHCTBHIO C)I{aTHlI B oceBOM HanpaBJleHHH. PaccMaTpHBalOTclI nJlaCHIHKH, 06J1allalOLUHe llByMlI CTene­
HlIMH CBo60,llbl, 'ITO xapaKTePH1yeTclI Bbmy'iHBaHHeM B oceBOM HanpaBJleHHH M H n nOJlycHHycOH,lIaJl­
bHblMH BOJIHaMI1. HeCOnplI)I{eHHble H COnplI)I{eHHble <l>OPMbl BbmY'iHBaHHlI ,lIalOTClI IJ,JllI 1alJ,:'IHHb1X
rpaHH'iHbiX YCJlOBHiL HCJlOJlb1YlOTCII pe1YJlbTaTbI HCCJlelJ,OBaHHH COBMecTHO Cpe1YJlbTaTaMH nOJlyYeHHblM~

IJ,pyrHMH cnoco6aMH ,lIJllI pa1Hblx rpaHH'IHbiX YCJlOBHli, B l..\eJlblO BblllCHeHHlI BHe1anHbIX H1MeHeHHH
<l>OPMbl BOJlH, B nnaCTHHKax B 1aKpHTH'ieCKOM COCTOllHHIO. 3tP<l>eKThl Ha'iaJlhHbiX reOMeTpH'ieCKHX Henpa­
BHJlbHOCTeM paCCMaTpMBalOTClI B Ka'ieCTBe Heo6xo,llHMOH 'iaCTM aHaJlH1a.


